OUTLINE.
We use a geometric construction to prove that e is irrational. (For other proofs, see [9, pp. 202-203] , [10] , [11, pp. 11-12] , [15] and [16] .) A by-product of the proof is a measure of irrationality for e, that is, a lower bound on the distance between e and a given rational number, as a function of its denominator. An application gives information on the convergents of the simple continued fraction for e. Finally, we state a theorem of Cantor which can be proved by a similar construction.
PROOF THAT e IS IRRATIONAL.
The irrationality of e is a consequence of the following construction of a nested sequence of closed intervals I n . Let
Proceeding inductively, divide the interval I n−1 into n ≥ 2 equal subintervals and let the second one be I n . , , ,
The intersection
is then the geometric equivalent of the summation
(2)
If n > 1, the interval I n+1 lies strictly between the endpoints of I n , which are a n n ! and ( ) ! a n n + 1 , for some integer a n . It follows that the point of intersection (1) is not a fraction with denominator n! for any n ≥ 1. Since a rational number m n can be written as
we conclude that e is irrational.
• 3. IRRATIONALITY MEASURES FOR e. As a bonus, the construction yields a new measure of irrationality for e.
Theorem 1. Any rational number p q satisfies the inequality
where S q ( ) is the smallest positive integer k such that k! is a multiple of q.
For example, S( ) = for q ≤ 5, and S( ) 6 3 = . Kempner [8] gave the first complete algorithm for computing
which is the so-called Smarandache function.
Proof of Theorem 1. For n > 1, the left endpoint of I n is the closest fraction to e with denominator not exceeding n!. Since e lies in the interior of the second subinterval of I n , it follows that, for any integer m,
Given a rational number p q, with q > 1, let m p S= ⋅ ( )! and n S q = ( ). Then m and n are integers, by (5), and
Making these substitutions in (6), we obtain (4).
•
As an example, suppose that q is prime, so that S( ) = . (More generally, S n ( ) equals the largest prime factor of n for almost all integers n, according to Erdös [5] and Kastanas [7] .) In this case, (4) gives the weak inequality
In fact, (4) implies (8) for any integer q > 1, because S( ) ≤ . To put it another way, (4) is the refinement of (8) obtained by expressing a rational number p q as a fraction with denominator S q ( )!, which may be less than q!. (Compare (3) and (7).) The following irrationality measure for e is known. Given any ε > 0, there exists a positive integer q ( ) ε such that, for any integers p and q, (9) is stronger than (8) . In some cases, though, (4) is stronger than (9) . For instance, let q be a factorial, q n = !. Then S q n ( ) = and (4) reduces to (5), which is stronger than (9), because ( )! ( !) n n + < 1 2 for n > 2. 
CONVERGENTS TO
For q n > 1, inequalities (4) and (11) , , , only q n = 1! occurs, and we get (i).
Since m divides (exactly one factor of) the product ( )( ) (
! we have S q m k n ( ) ≤ + , and so (10) implies (ii).
The second part of (iii), which implies the first, is proved by showing that inequality (12) •
CANTOR'S THEOREM.
A generalization of the construction in Section 2 can be used to prove a theorem of Cantor [3] on the irrationality of series like (2) . (We omit the proof.) For example, take b n n = , for n ≥ 1. Then Cantor's theorem implies that all subseries of (2), such as is rational. For an exposition of Cantor's proof of the "if" part of his theorem, see [11, pp. 7-11] . For extensions of the theorem, see [4] , [14] and [17] .
